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Abstract
We study a class of ﬁnite dimensional algebras R over a ﬁeld K for which Corner type K-Endo-
Wildness is equivalent to the inﬁnite representation type ofR aswell as to the existence of indecompos-
able R-modules of arbitrarily large cardinality. A generalisation of the ﬁrst Brauer–Thrall conjecture
is also discussed.
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1. Introduction
Throughout this paper we assume that K is a ﬁeld and R is an associative ﬁnite dimen-
sionalK-algebra.We denote by J (R) the Jacobson radical ofR, byModR the category of all
right R-modules and by modR the full subcategory of ModR formed by ﬁnitely generated
R-modules. We recall that R is said to be of inﬁnite representation type if the number of
the isomorphism classes of ﬁnite dimensional indecomposable right (and left) R-modules
is inﬁnite. Following [5], [33, Section 5] and [34], the algebra R is said to be Corner type
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K-Endo-Wild, if for each K-algebra A there exist a module U in ModR, a nilpotent ideal
A of EndU and a K-algebra isomorphism EndU/AA, see also [17] and [21, p. 39].
One of the aims of this paper is to investigate the connections between the above notions
and several other notions of wildness presented in Section 2. In particular, we discuss a
connection between the inﬁnite representation type of a ﬁnite dimensional K-algebra R,
the Corner type K-Endo-Wildness of R and the existence of indecomposable R-modules of
arbitrarily large cardinality.
One of the motivations for this study is to answer some questions asked byArnold in [1]
andArnold–Dugas in [2] on various notions of wildness (wildness modp, radical-wildness,
endo-wildness) that appear in the study of ﬁnite rank Butler groups; and by Franzen and
Göbel in [11], and by Göbel and May [13], see also [3].
We prove in Section 3 that if R is a local K-algebra, R is a special biserial K-algebra, or
R is a group K-algebra KG of a ﬁnite group G, or R is a radical square zero K-algebra, then
the following three conditions are equivalent:
(a) R is a Corner type K-Endo-Wild algebra.
(b) For each cardinal number ℵ, there exists an indecomposable module Xℵ in ModR of
cardinality ℵ.
(c) R is of inﬁnite representation type.
In the proof we apply a simple criterion for a special biserial K-algebra to be of inﬁnite
representation type given in Proposition 3.7.
The deﬁnitions and facts we use throughout this paper are collected in Section 2.We recall
there some substitutes of wildness and Conjecture 1∞ that is a version of generalised ﬁrst
Brauer–Thrall conjecture. Connections between various notions of wildness are collected in
Proposition 2.2. Main results of the paper were presented on the Prague Conference “Some
Trends in Algebra 03” in September 2003.
2. Preliminaries
Let K be a ﬁeld and R a ﬁnite dimensional K-algebra. We start by recalling from
[8,10,19–22,27,28,33,34] various notions of wildness of the algebra R (or more precisely,
of the module category modR).
1. The K-algebra R is deﬁned to be wild [10], if there exist a ﬁnite ﬁeld extension K ′
of K and a faithful exact additive functor T ′ :modfK ′〈t1, t2〉 −→ modR that respects
the isomorphism classes (T ′(X)T ′(Y ) implies XY ) and carries indecomposable
K ′〈t1, t2〉-modules to indecomposableR-modules, whereK〈t1, t2〉 is the free associative
K-algebra of polynomials in two non-commuting indeterminates t1, t2 with coefﬁcients
in K, and modfK〈t1, t2〉 is the category of ﬁnite dimensional right K〈t1, t2〉-modules.
2. The K-algebra R is fully wild if there exist a ﬁnite ﬁeld extension K ′ of K and a fully
faithful exact additive functor T ′ :modfK ′〈t1, t2〉 −→ modR [8,28].
3. The K-algebra R is K-wild [34], if there exists a faithful exact K-linear functor T :
modfK〈t1, t2〉 −→ ModR that respects the isomorphism classes and carries indecom-
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posable K〈t1, t2〉-modules to indecomposable R-modules. The K-algebra R is K-Wild
[20,34], if there exists a faithful exactK-linear functorT :ModK〈t1, t2〉 −→ ModR that
respects the isomorphism classes and carries indecomposable K〈t1, t2〉-modules to
indecomposable R-modules.
4. The K-algebra R is fully K-wild if there exists a fully faithful exact K-linear functor
T : modfK〈t1, t2〉 −→ modR. The K-algebra R is fully K-Wild) if there exists a fully
faithful exact K-linear functor T : ModK〈t1, t2〉 −→ ModR [28,34].
5. The K-algebra R is weak fully K-wild if there exists a fully faithful K-linear functor
T :modfK〈t1, t2〉 −→ modR. The K-algebra R is weak fully K-Wild if there exists a
fully faithful K-linear functor T :ModK〈t1, t2〉 −→ ModR [34].
6. The K-algebra R is controlled K-wild if there exist a faithful exact K-linear functor
T :modfK〈t1, t2〉 −→ modR and a classC ofmodules inmodR such that, for anyX and
Y in modfK〈t1, t2〉 we have HomR(F (X), F (Y ))=F(Hom(X, Y ))⊕C(F (X), F (Y )),
where C(F (X), F (Y )) is the subspace of HomR(F (X), F (Y )) consisting of all homo-
morphisms f :F(X) → F(Y ) that factor through a direct sum of modules in C, see
[16,21,22].
7. The K-algebra R is K-endo-wild [33, Section 5] if for each ﬁnite dimensional K-algebra
A there is a moduleU in modR and aK-algebra isomorphismAEndU . TheK-algebra
R isK-Endo-Wild if for eachK-algebraA there is a moduleU in ModR and aK-algebra
isomorphism AEndU .
8. The K-algebra R is Corner type K-endo-wild if for each ﬁnite dimensional K-algebra
A there exist a module U in modR, a nilpotent ideal A of EndU and a K-algebra iso-
morphism EndU/AA. The K-algebra R is Corner type K-Endo-Wild if for each
K-algebra A there exist a module U in ModR, a nilpotent ideal A of EndU and a
K-algebra isomorphism EndU/AA, see [5,17], [21, p. 39], [33, Section 5] and [34].
It follows from [34, Lemma 2.5], that R is fully K-wild if and only if R has strictly K-wild
representation type in the sense of [8]. In case the ﬁeldK is algebraically closed,K-wildness
(resp. fully K-wildness) of R and wildness (resp. strict Wildness) of R coincide.
Recall from [5] that, for m3, the algebra m(K) =
[
K
0
Km
K
]
is fully K-wild as well
as fully K-Wild. Note also that the Kronecker K-algebra 2(K) =
[
K
0
K2
K
]
is fully K-
Wild, see [15, Theorem 1.2], [20], [21, p. 41]), but 2(K) is not fully K-wild, because it is
representation-tame and [10] applies.
In connection with the Endo-Wildness, a generalisation of the ﬁrst Brauer–Thrall con-
jecture is presented in [34]. In its formulation the following deﬁnition is very useful.
Deﬁnition 2.1. A ring  (or the category Mod) has enough large indecomposable
right modules if, for each inﬁnite cardinal , there exists an indecomposable module in
Mod of cardinality . In this case we say in short that has enough right indecompos-
ables.
Since a ﬁnite dimensional algebra R is of ﬁnite representation type if and only if R is
right pure semisimple then the generalisation of the ﬁrst Brauer–Thrall conjecture stated in
[34, pp. 96–97] has the following form:
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Conjecture 1∞. Let R be a ﬁnite dimensional algebra. If R is of inﬁnite representation
type, then R has enough large indecomposable right (and left) modules.
One of the main aims of this paper is to prove the Conjecture 1∞ for a wide class of
K-algebrasR.We do it by studying the conjecture in connectionwith theWild, fullyWild and
Endo-Wild representation types of R and with the endomorphism ring realisation problem
discussed by Corner in [6,7], see also [11,13–15,33,34].
The following observation is very useful:
Proposition 2.2. Let K be a ﬁeld and R a ﬁnite dimensional K-algebra. The following
implications hold.
Proof. The implications (a) ⇒ (b) ⇒ (c) ⇒ (d), (a) ⇒ (a′), (̂a) ⇒ (̂b) ⇒ (̂c) ⇒ (̂d),
(̂a)⇒ (â′) and (a′′)⇒ (e) follow immediately from deﬁnitions or from Lemmata 2.5 and
2.7 in [34]. The implication (a′)⇒ (a′′) is a consequence of [16, Proposition 2.2].
(a)⇒ (â′)Assume thatR is fullyK-wild. IfB=
[
K
0
K3
K
]
then, by theWildnessCorrection
Lemma [28, Lemma 2.6] and [28, Theorem 2.9], there exists a full, faithful, exact K-linear
functor T : ModB −→ ModR such that T restricts to a fully faithful functor T ′ : modB −
→ modR. The functor T is of the form T (−)= (−)⊗BMR ,where BMR is a B-R-bimodule.
We claim that T is full. To see this, assume that X and Y are modules in ModR and ﬁx
directed union decompositions X=⋃X and Y =⋃ Y of X andY, where X ⊆ X and
Y ⊆ Y are ﬁnite dimensional submodules. Since T ′ is full and T commutes with direct
limits then there are isomorphisms
HomB(X, Y )  lim←−

lim−→

HomB(X, Y)  lim←−

lim−→

HomR(T ′(X), T ′(Y))
 HomR(lim−→

T (X), lim−→

T (Y))  HomR(T (X), T (Y )),
such that the composite isomorphism HomB(X, Y )HomR(T (X), T (Y )) is given by the
formula → T (). It follows that the functorT is full. On the other hand, the formula given
in [27, p. 287] deﬁnes a fully faithful exact K-linear functorH : ModK〈t1, t2〉 −→ ModB,
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see also [19, 8.6]. Then the composite K-linear functor T ◦H : ModK〈t1, t2〉 −→ ModR
is full, faithful and exact, and therefore the algebra R is fully K-Wild.
(â′) ⇒ (̂e) Assume that R is K-Wild. By the Wildness Correction Lemma [28, Lemma
2.6], there exists an exact K-linear functor H : modfK〈t1, t2〉 −→ ModR, which is
faithful, respects the isomorphism classes and carries indecomposable modules to inde-
composable ones. On the other hand, for any ﬁnitely generated K-algebra B there exists
a fully faithful exact K-linear functor H ′ : ModB −→ ModK〈t1, t2〉, see [5], [27, Sec-
tion 14.2], and [28]. The composite K-linear functor H ′′ = H ◦ H ′ : ModB −→ ModR
is faithful, exact, respects the isomorphism classes and carries indecomposable modules
to indecomposable ones. Apply this to the Kronecker K-algebra B = 2(K). By [15,
Theorem 1.2], for each K-algebra A, there exists a B-module Y in Mod2(K) such that
AEndY .
Let  be an inﬁnite cardinal number and letT={tj }j∈T be a ﬁxed set of cardinality 2

.
Denote byA=K[T] the polynomialK-algebra in the variables tj ∈T with coefﬁcients
in K. Note that dimKA2

. By applying the above statement to the K-algebra A= A,
we ﬁnd a right B-module Y and a K-algebra isomorphism AEndB Y. Since A has no
non-trivial idempotents then the B-module Y is indecomposable.
Note that dimKAdimKEndK Y = (dimKY)dimKY . It follows that dimKY> , be-
cause otherwise dimKY and we get 2
dimKA(dimKY)dimKY.
Since the functor H ′′ is faithful and carries indecomposable modules to indecompos-
able ones, then the R-module X = H ′′(Y) is indecomposable the K-algebra homomor-
phism EndB Y −→ EndR X,  → H ′′(), is injective. It follows that dimKA =
dimKEndB YdimKEndR X and, consequently, dimKX> .
(̂d) ⇒ (̂e) Assume that R is K-Endo-Wild. Let  be an inﬁnite cardinal number and let
A=K[T] be the polynomialK-algebra above. By our assumption , there exists a right R-
moduleX, a nilpotent idealA of EndR X and aK-algebra isomorphismAEndR X/A.
Since A has no non-trivial idempotents and idempotents can be lifted modulo nilpo-
tent ideals then the R-module X is indecomposable. By the arguments applied above
one shows that dimKX> . Consequently, R has enough large indecomposable right
modules.
To prove the implication (̂e)⇒(e), assume to the contrary that R is representation-ﬁnite.
Then, according to [24,26], every indecomposable module in ModR is ﬁnite dimensional,
contrary to our assumption.
(d)⇒ (e) Let R be a Corner type K-endo-wild algebra and assume, to the contrary, that
R is representation-ﬁnite. Let X1, . . . , Xm be a set of representatives of indecomposable
modules in modR and let A = K[t]/(td+1), where d is the maximum of the dimensions
dimKEnd(X1), . . . , dimKEnd(Xm). Since R is a Corner type K-endo-wild algebra and
dimKA is ﬁnite then there exists amoduleX inmodR and a nilpotent idealA ofEnd(X) such
thatAEnd(X)/A. Since A has no non-trivial idempotent, then End(X) has no non-trivial
idempotent, because idempotents lift modulo nilpotent ideals. It follows that the module X
is indecomposable and, by the Krull–Schmidt theorem, X is isomorphic to a moduleXj , for
some jm. Consequently, d+1=dimKAdimKEnd(X)=dimKEnd(Xj )d andwe get
a contradiction. This shows that every Corner type K-endo-wild algebra is representation-
inﬁnite, and ﬁnishes the proof of the proposition. 
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Now we are able to complete [33, 1.2 3.1] and [34, Corollary 2.9] as follows:
Corollary 2.3. Let K be an algebraically closed ﬁeld and let R be a ﬁnite dimensional K-
algebra which is loop-ﬁnite or strongly simply connected, see [33].The following conditions
are equivalent:
(a) The algebra R is fully K-Wild.
(a′) The algebra R is K-Wild.
(b) The algebra R is weak fully K-Wild.
(c) The algebra R is K-Endo-Wild.
(d) The algebra R is Corner type K-Endo-Wild.
(e) The algebra R has enough large indecomposable modules.
(f) The algebra R is of inﬁnite representation type.
(g) There exists a full and faithful K-linear functor T : mod
[
K
0
K2
K
]
−→ modR.
Proof. The implications (a) ⇒ (b) ⇒ (c) ⇒ (d) ⇒ (e) ⇒ (f) are a consequence of
Proposition 2.2. Since the implication (f)⇒ (a) follows from [34, Corollary 2.9] then the
conditions (a), (b)–(f) are equivalent. The implication (a) ⇒ (a′) is obvious, (a′) ⇒ (f)
is a consequence of Proposition 2.2 and the equivalence of (f) and (g) is a consequence of
Corollary 2.2 and Theorem 3.1 in [33]. Then the proof is complete. 
We ﬁnish this section by proving an analogue of Corollary 2.3 for the category PrinKI
of prinjective modules over the incidence algebra KI of a ﬁnite partially ordered set I, see
[27,29]. We recall from [29] that the global dimension of the algebra KI is ﬁnite. A right
KI-module X is said to be prinjective if the projective dimension of X is at most 1 and there
exists a short exact sequence
0 −→ P1 −→ P0 −→ X −→ 0
inModKI such that themoduleP0 is projective andP1 is semisimple projective.We denote
by PrinKI the full subcategory of ModKI consisting of all prinjective modules, and by
prinKI the full subcategory of PrinKI consisting of ﬁnite dimensional modules.
We recall from [34] that the category PrinKI is K-Wild if there exists a faithful exact
K-linear functor T : ModK〈t1, t2〉 −→ PrinKI that respects the isomorphism classes
and carries indecomposable K〈t1, t2〉-modules to indecomposable KI-modules. The cat-
egory PrinKI is fully K-Wild if there exists a fully faithful exact K-linear functor T :
ModK〈t1, t2〉 −→ PrinKI ; and PrinKI is weak fully K-Wild if there exists a fully faith-
ful K-linear functor T : ModK〈t1, t2〉 −→ PrinKI . The category PrinKI is K-Endo-
Wild if for each K-algebra A there is a module U in PrinKI and a K-algebra isomorphism
AEndU . The category PrinKI is Corner typeK-Endo-Wild if for eachK-algebraA there
exist a module U in PrinKI , a nilpotent ideal A of EndU and a K-algebra isomorphism
EndU/AA.
The following corollary completes [30, Theorem 2.4], [14, Theorem 1.7] and [34, Corol-
lary 3.2].
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Corollary 2.4. Let K be an arbitrary ﬁeld, I a ﬁnite partially ordered set and let KI be the
incidence K-algebra of I with coefﬁcients in K. Let qI : ZI −→ Z be the Tits quadratic
form of I, see [29]. The following conditions are equivalent:
(a) The category PrinKI is fully K-Wild.
(a′) The category PrinKI is K-Wild.
(b) The category PrinKI is weak fully K-Wild.
(c) The category PrinKI is K-Endo-Wild.
(d) The category PrinKI is Corner type K-Endo-Wild.
(e) For any inﬁnite cardinal number  there exists an indecomposable module X in PrinKI
such that dimK X> .
(f) The category PrinKI has an inﬁnite number of the isomorphism classes of indecom-
posable modules.
(g) There exists a non-zero vector v ∈ NI such that qI (v)= 0.
(h) There exists a full and faithful K-linear functor T : mod
[
K
0
K2
K
]
−→ PrinKI .
Proof. The implications (a) ⇒ (b), (a) ⇒ (a′) ⇒ (f) and (c) ⇒ (d) are obvious. The
implication (b) ⇒ (c) is a consequence of [34, Lemma 2.7], and (d) ⇒ (e) follows by
applying the same type of arguments as in the proof of the implications (̂d) ⇒ (̂e) ⇒ (e)
of Proposition 2.2.
The implication (e)⇒ (f) is a consequence of [18, Proposition 5.2]. Indeed, ifwe assume,
to the contrary, that the category PrinKI has a ﬁnite number of the isomorphism classes of
indecomposable modules then, according to [18, Proposition 5.2], every indecomposable
module in PrinKI is ﬁnite dimensional; a contradiction with (e).
Since the implication (f)⇒ (a) is the implication (a)⇒ (d) in [34, Corollary 3.2] then
the statements (a), (a′), and (b)–(f) are equivalent. Finally, by [29, Theorem 3.1] (completed
in [34, p. 109]), the statements (f) and (g) are equivalent and, by [14,18], the statements (f)
and (h) are equivalent. This completes the proof. 
3. Main results
Now we prove that the Conjecture 1∞ holds for four important classes of basic ﬁnite
dimensional K-algebras R such that the quotient algebra R/J (R) is isomorphic to the
product algebra K × · · · ×K of m copies of K with the usual K-algebra structure.
We recall from [35] that a K-algebras R is special biserial if R has a bound quiver form
RKQ/I , where Q= (Q0,Q1) is a ﬁnite quiver and I is an admissible ideal of the path
K-algebra KQ of Q (see [4, Chapter II]) satisfying the following conditions:
(SP1) Each vertex ofQ0 is a source of at most two arrows and each vertex of Q is a sink of
at most two arrows inQ1.
(SP2) Given an arrow  : i → j in Q there is at most one arrow  : s → i and at most
one arrow  : j → r in Q such that  /∈ I and  /∈ I .
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Finally, we recall that R is local if J (R) is the unique maximal two-sided ideal of R.
Theorem 3.1. Let K be a ﬁeld and let R be a ﬁnite dimensional K-algebra of any of the
following four types:
(i) The square of the Jacobson radical J (R) of R is zero and R/J (R)K × · · · ×K .
(ii) R is a local algebra such that R/J (R)K .
(iii) R is the group K-algebra BG, where G is a ﬁnite group and B is a local algebra such
that B/J (B)K .
(iv) R is special biserial.
Then the following three conditions are equivalent.
(a) R is Corner type K-Endo-Wild.
(b) R has enough large indecomposable modules.
(c) R is of inﬁnite representation type.
Proof. The implications (a)⇒ (b)⇒ (c) are a consequence of Proposition 2.2.
It remains to prove that (c) implies (a). Assume that the algebra R is of inﬁnite represen-
tation type. We split the proof into four cases.
Case 1: Assume that J (R)2 = 0 and R/J (R)K × · · · × K , the product of m copies
of K. We set J = J (R). Following Gabriel [12, 9.1], we associate to R the hereditary ﬁnite
dimensional K-algebra
RJ =
[
R/J R/J JR/J
0 R/J
]
, (3.2)
where J = J (R) is viewed as an R-R/J -bimodule, and the reduction functor
F : ModR −→ ModRJ (3.3)
deﬁned by attaching to any module Y in ModR the triple F(Y ) = (Y ′, Y ′′, t), where Y ′ =
Y/YJ , Y ′′ = YJ are viewed as right R/J -modules and t : Y ′⊗R/J JR/J → Y ′′R/J is an
R/J -module homomorphism deﬁned by the formula t (y ⊗ r) = yr for y = y + J and
r ∈ J . The triple F(Y ) is viewed as a right RJ -module in a natural way. If f : Y → Z is an
R-module homomorphism we set F(f )= (f ′, f ′′), where f ′′ : Y ′′ → Z′′ is the restriction
of f to Y ′′ = YJ and f ′ : Y ′ → Z′ is the R/J -module homomorphism induced by f.
The functor F has the following properties, see [12, Section 9].
(i) F is full and establishes a representation equivalence between ModR and the category
Im F, that is, a homomorphism f : Y → Z in ModR is an isomorphism if and only if
F(f ) is an isomorphism in ModRJ . Moreover, F restricts to the functor F : modR −
→ modRJ .
(ii) A right RJ -moduleM belongs to Im F if and only ifM has no summand isomorphic to
a simple projective right RJ -module.
(iii) The functor F carries a homomorphism f : Y → Z in ModR to zero if and only
if Im f ⊆ ZJ . In particular, for any R-module Y, the algebra homomorphism FY :
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EndY −→ EndF(Y ),f → F(f ), is surjective,Ker FY=HomR(Y, YJ ) and (Ker FY )2=
0.
(iv) The functor F preserves the indecomposability, projectivity and the dimension of mod-
ules. Moreover, F deﬁnes a bijection between the isomorphism classes of indecompos-
able modules in ModR and the isomorphism classes of indecomposable modules in
ModRJ , that are not simple projective.
(v) R is of ﬁnite representation type if and only if RJ is of ﬁnite representation type.
To ﬁnish the proof in the Case 1, we note that since the algebraR/J is a product of copies
ofK, then the algebraRJ is hereditary of the formRJ =KQ, whereQ is the ordinary quiver
of RJ , see [4]. Since R is of inﬁnite representation type then, by (v), the algebra RJ is also
of inﬁnite representation type. Now we show that there exists a fully faithful exact K-
linear functor G : Mod2(K) −→ ModRJ , where 2(K) is the Kronecker K-algebra.
This is obvious in case RJ is of K-wild representation type, because RJ is hereditary and,
according to [8, Theorem 8.4], the category modRJ is of fully K-wild representation type
and Proposition 2.2 applies. If the algebra RJ is not K-wild then, according to [8], RJ is a
product of K-algebras, each of which is a path K-algebra of a Dynkin quiver, or is a path
K-algebra of an extended Dynkin quiver (Euclidean quiver) [4] and at least one of them is
of an extended Dynkin quiver type. Then the existence of the functor G follows from [33,
Theorem 1.2].
It follows from [15, Theorem 1.2] that any K-algebra A has the form AEnd2(K) V ,
where U is a right 2(K)-module containing no simple projective direct summands. It
follows that the image V̂ =G(V ) in ModRJ of V underG has no simple projective direct
summands, that is, the RJ -module V̂ lies in the image of the functor F. Since F is dense
then there exists a module U in ModR such that F(U)V̂ . Since the functor F is dense
then the induced algebra homomorphism FU : EndRU −→ EndRJ F(U) is surjective and,
by (iii), the kernelA of the composite K-algebra homomorphism
EndRU
FU−−−−−−→EndRJ F(U)EndRJ V̂End2(K) VA
is the ideal A = Ker FY = HomR(U,UJ ). It follows that A2 = 0, that is, the ideal A is
nilpotent. Consequently, anyK-algebraA has the formAEndRU/A, whereU is a module
inModR andA is a nilpotent ideal. This shows thatR is a Corner typeK-Endo-Wild algebra
and ﬁnishes the proof in Case 1.
Case 2: Assume that R is a representation-inﬁnite local algebra such that R/J (R)K .
Consider the square zero radical algebra S=R/J 2, where J =J (R).We set d=dimKJ/J 2
and J = J/J 2 = J (S).
First we note that d2, because otherwise d= 1 and the Nakayama Lemma implies that
J = xR = Rx, where x ∈ J is such that the coset x ∈ J/J 2 generates the K-vector space
J/J 2. Hence easily follows that every left ideal of R and every right ideal of R is generated
by a power of x, that is, R is both left serial and right serial. In particular, R is of ﬁnite
representation type, contrary to our assumption. Consequently, d2.
Since the K-algebra surjection R → S induces a fully faithful and exact embedding
ModS ↪→ ModR, it is sufﬁcient to show that the algebra S is Corner type K-Endo-Wild.
Since J (S)2=0 then, in view of Case 1 proved above, it is sufﬁcient to show that the algebra
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S is representation-inﬁnite. For this purpose we note that the reduction functor F applied to
S has the form
F : ModS −→ ModSJ , where SJ =
[
K Kd
0 K
]
. (3.4)
Since d2, then the algebra SJ is representation-inﬁnite. Indeed, if d = 2 then SJ is the
Kronecker algebra 2(K), and if d3 then SJ is K-wild. Then, by the statement (v) above,
the algebra S is representation-inﬁnite. Consequently, the algebra S (and also R) is Corner
type K-Endo-Wild. This ﬁnishes the proof in Case 2.
Case 3: Assume that G a ﬁnite group, B is a local K-algebra such that B/J (B)K and
the group K-algebra R = BG is of inﬁnite representation type.
If B is of inﬁnite representation type then B is Corner type K-Endo-Wild, by Case 2, and
also the K-algebra R = BG is Corner type K-Endo-Wild, because the surjection R → B
induces a fully faithful and exact embedding ModS ↪→ ModR.
Assume that B is of ﬁnite representation type. It follows from the proof in Case 2 that
the algebra B is both left and right uniserial. Since the group algebra R = BG is of inﬁnite
representation type then, according to [9, Theorem 2.4], the characteristic p of K is ﬁnite, p
divides the order |G| of the group G and one of the following two conditions are satisﬁed:
(i) J (B) = 0 and a Sylow p-subgroup H of G is cyclic.
(ii) A Sylow p-subgroup H of G is not cyclic.
Assume that (i) holds. It follows that there is an isomorphismBHB[t]/(tm−1), where
mp2 is the order of H. Since B is uniserial, there exists a non-zero element z ∈ J (B)
such that J (B) = Bz = zB. It follows that S = BH/J (BH)2 is a local K-algebra, the
radical J = J (S) of S is generated by two elements z, t and dimKJ/J 2 = 2. The reduction
functor F applied to S has the form (3.4) and, according to (v), the algebra S is of inﬁnite
representation type. It follows from Case 2 that S is a Corner type K-Endo-Wild algebra
and therefore so is the algebra BH, because of the a fully faithful and exact embedding
ModS ↪→ ModBH .
To show that R = BG is a Corner type K-Endo-Wild algebra we consider the induction
functor IndG : ModBH −→ ModBG deﬁned by the formula IndGM = M⊗BHBG,
see [9, p. 441]. It is known that the functor IndG is left adjoint to the restriction functor
ModBG −→ ModBH and given a pair of modules M , N in ModBH , IndG induces an
isomorphism HomBH (M,N)HomBG(IndGM, IndGN).
Since BH is a Corner type K-Endo-Wild algebra then, given a K-algebra A, there exists
a K-algebra isomorphism AEndBHU/A, where U is a module in ModBH and A is
a nilpotent ideal in EndBHU . It then follows that IndG induces a K-algebra isomorphism
 : EndBHU −→EndBGÛ , where Û=IndGU . It is clear that Â=(A) is a nilpotent ideal
of EndBGÛ and that induces aK-algebra isomorphismsAEndBHU/AEndBGÛ/Â.
This shows that R =BG is Corner type K-Endo-Wild, in case the condition (i) is satisﬁed.
Now we assume that (ii) holds. Then there is a K-algebra surjection R = BG → KG.
Since the characteristic p of K divides the order of G and the Sylow p-subgroup H of G is
not cyclic then there is a group epimorphism H → H ′, where H ′ is the direct sum of two
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copies of the cyclic group of order p. Then
KH ′K[t1, t2]/(tp1 − 1, tp2 − 1)K[t1, t2]/(tp1 , tp2 )
and therefore there exist K-algebra surjections
BH → KH → KH ′ → K[t1, t2]/(t1, t2)p → S,
where S = K[t1, t2]/(t1, t2)2. The composite K-algebra surjection BH → S induces a
fully faithful exact embedding ModS −→ ModBH . Since J (S)2 = 0 and S is of inﬁnite
representation type, then the Case 1 applies to S. It follows that S (and hence also BH)
is a Corner type K-Endo-Wild algebra. By applying the induction functor ModBH →
ModBG, we conclude as in case (i) above, that alsoR=BG is a Corner type K-Endo-Wild
algebra. This completes the proof in Case 3.
Case 4: Assume that R = KQ/I is a special biserial algebra of inﬁnite representation
type. It follows from the characterisation of representation-ﬁnite special biserial algebras
given in [35, Theorem 1(b) and Remark] (see also Proposition 3.7 below) that a special
biserial algebra R = KQ/I is of inﬁnite representation type if and only if there is a K-
algebra surjection  : eRe −→ S, where e ∈ R is an idempotent, the algebras eRe and S
are special biserial and S is deﬁned by one of the following two bound quivers:
(s1) The Euclidean quiver
(3.5)
of type A˜m, with m+ 12 points, or
(s2) the two-loop quiver  , with four zero-relations 2 = 0, 2 = 0, = 0 and
= 0.
In case (s1), there is a fully faithful exact K-linear functor G : Mod2(K) −→ ModS,
where 2(K) is the Kronecker algebra deﬁned by the Kronecker quiver 1
−−−−−−→−−−−−−→

2. The
functorG associates to any right2(K)-moduleX identiﬁedwith theK-linear representation
X1
−−−−−−→−−−−−−→

X2 of the Kronecker quiver the right S-module deﬁned by the representation
G(X) :
of the quiver (s1).
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In case (s2) there is an isomorphism SK[t1, t2]/(t1, t2)2. In both cases S is Corner
type K-Endo-Wild, because the Kronecker algebra 2(K) is fully K-Wild (by [15,20]) and
Proposition 2.2 applies. Since the algebra S deﬁned by (s2) has J (S)2 = 0 then Case 1
applies.
To ﬁnish the proof, we note that the K-algebra surjection  : eRe −→ S and the idem-
potent e induce fully faithful embeddings
ModS ̂−−−−−−→Mod eRe Te−−−−−−→ModR,
where ̂ is induced by and Te(−)=(−)⊗eReeR, see [4, Section I.6] and [27, Section 17.5]
for details. It follows that R is Corner type K-Endo-Wild, because so is S and the composite
functor Te ◦ ̂ is full and faithful. This ﬁnishes the proof of the implication (c)⇒ (a) and
of the theorem. 
The proof above shows that Theorem 3.1 can be completed as follows:
Corollary 3.6. Let R be a K-algebra as in Theorem 3.1. The following three conditions are
equivalent:
(a) For each K-algebra A there exist a module U in ModR and a K-algebra isomorphism
EndU/AA, whereA is a two-sided ideal of EndU such thatA2 = 0.
(b) R is Corner type K-Endo-Wild.
(c) R is of inﬁnite representation type.
Proof. The implication (a) ⇒ (b) is obvious and (b) ⇒ (c) is a consequence of Proposi-
tion 2.2. The implication (c)⇒ (a) is implicitly shown in the proof above. The reader will
easily check that in all cases of the proof of Theorem 3.1 the idealA of EndU chosen there
is such thatA2 = 0. 
The proof of Theorem 3.1 yields the following useful criterion for a special biserial
algebra to be representation-inﬁnite, compare with [30].
Proposition 3.7. Let K be a ﬁeld and letR=KQ/I be a special biserial K-algebra. Then R
is of inﬁnite representation type if and only if there is a K-algebra surjection : eRe −→ S,
where e ∈ R is an idempotent and S is deﬁned by one of the following bound quivers:
(s1) The Euclidean quiver (3.5) of type A˜m, with m+ 12 points, or
(s2) the two-loop quiver   bound by four zero-relations 2 = 0, 2 = 0, = 0
and = 0.
Proof. Assume that R is of inﬁnite representation type. It follows from [35, Theorem 1(b)
and Remark] that there exists an idempotent e ∈ R such that the algebra eRe is special
biserial and the quiver of eRe contains an inﬁnite path
j1 −→ j2 ←− j3 −→ j4 ←− · · · · · · −→ jm−1 ←− jm −→ jm+1 ←− · · · · · ·
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of arrows. Let m2 be minimal such that there exists such a path with jm = j1. It follows
that there is a K-algebra surjection  : eRe −→ S, such that S is a hereditary algebra
deﬁned by the quiver (s1), if m3, and S is a special biserial algebra deﬁned the bound
quiver (s2), if m= 2. This ﬁnishes the proof of the necessity.
To prove the sufﬁciency, we note that the algebra S deﬁned by any of the bound quivers
(s1) or (s2) is of inﬁnite representation type. It follows that R is of inﬁnite representation
type, because of the fully faithful embeddings modS ̂−−−−−−→mod eRe Te−−−−−−→modR
deﬁned in the proof of Theorem 3.1. 
4. Concluding remarks and questions
The results of Sections 2 and 3 together with the following characterisation of Shelah
[25] shows that there is a strong connection between Conjecture 1∞, Corner type K-Endo-
Wildness of R and the Kaplansky’s Test Problems for modules over a ﬁnite dimensional
K-algebra R.
Theorem 4.1. Let R be a ﬁnite dimensional algebra over a ﬁeld K. The following conditions
are equivalent:
(a) The algebra R is of inﬁnite representation type.
(b) There is a pair M, N of nonisomorphic right R-modules such that M is isomorphic to a
direct summand of N and N is isomorphic to a direct summand of M.
(c) There is a pair M, N of non-isomorphic right R-modules such that the modulesM ⊕M
and N ⊕N are isomorphic.
(d) There exists a right module U inModR such that, for some r2, UmUn if and only
if m ≡ n(mod r), where Uj means the direct sum of j copies of U.
Proof. We note that in the original form of the theorem presented in [25] the condition (a)
is replaced by the following one (see also [34, Theorem 2.2]):
(a′) The algebra R is not right pure semisimple.
Since the statements (a′) and (a) are equivalent, for any ﬁnite dimensional K-algebra R then
we are done. 
Since the statement (a) in Theorem 4.1 is left-right symmetric then each of the statements
(b)–(d) given for right R-modules is equivalent to an analogous one for left R-modules.
However, the following question is still open:
Question 4.2. Are the three statements (a), (b), (c) of Theorem 4.1 (right R-module)-(left
R-module) symmetric, for any artinian ring R?
It seems to us that the answer to Question 4.2 is negative, because of the results discussed
in [31], where we present an idea for constructing a large class of hereditary artinian rings
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R, that are right pure semisimple, but not left pure semisimple. Every such a ring R yields
a negative answer to Question 4.2.
In view of the connections between several notions of wildness we discuss in Section 2,
the following two problems seem to be interesting, see [33,34].
Problem 4.3. Assume that K is a ﬁeld.
(a) Find all ﬁnite dimensional K-algebras A such that the K-wildness of A is equivalent to
the Corner type K-endo-wildness of A.
(b) Find all ﬁnite dimensional K-algebras A such that the fully K-wildness of A is equivalent
to the K-Endo-Wildness of A.
We do not know the answer even in case the ﬁeld K is algebraically closed. By [17], both
of the equivalences 4.3(a) and 4.3(b) hold for any radical square zero K-algebra B of ﬁnite
dimension, ifK is algebraically closed. Moreover, for any such an algebra B, theK-wildness
of B is equivalent to the controlled K-wildness of B, see [17, Theorem 1].
We ﬁnish this paper by the following question asked by Ringel in [22].
Question 4.4. Is any K-wild algebra controlled K-wild?
An afﬁrmative answer is given in [16] only for some classes of algebras. In particular,
by [16, Theorem 4.4], any local K-Wild algebra is controlled K-Wild, if K is algebraically
closed.
Recently, Ringel and Schmidmeier [23] have proved that the wild submodule category
S() is controlled wild, if  is a commutative uniserial K-algebra with J ()7 = 0 and
/J ()K . Recall thatS() coincides with the categoryC(2,) of 2-chains deﬁned in
[32], whereC(s,) is the category of chainsU = (Us ↪→ · · · ↪→ U2 ↪→ U1) of length s2
of modules in mod, see [32] for details. It would be interesting to know if the remaining
three minimal wild chain categoriesC(3,K[t]/(t5)),C(4,K[t]/(t4)), andC(6,K[t]/(t3))
are also controlled wild, see [32, Theorem 1.4].
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